ABSTRACT. The class of functions that are -stable at some point is a generalization of the class of C 1,1 functions. In this paper we prove that the class of vector functions that are -stable at some point is closed under composition.
Introduction
The class of C 1,1 fuctions (i.e., functions with locally Lipschitz derivative) has been intensively studied since 70's of last century, because these functions appear in some problems of applied mathematics as for example the proximal point method, the penalty function method or variational inequalities.
It was shown in [BP1] that an unconstrained second-order optimality condition, which was at first stated for the class of C 1,1 functions [GGR] , holds also for the functions that are -stable at some point.
The properties of the class of -stable real-valued functions were then studied also in [BP2, BP3, LX] . It seems to be useful to generalize the class of -stable functions for vector-valued functions, see [BP4, BP6, BP7, G, GG] , where several vector optimization results were presented under weaker assumptions than it was done earlier [GL, GGR, BP5] . In this paper, we will continue the study of the class of -stable vector functions.
In Section 2 we recall basic concepts of -stability. Section 3 aims to prove that the class of -stable vector functions is closed under composition.
-stability for vector functions
Throughout of this text we will work with functions f : R m → R n where m, n ∈ N. If X is an Euclidean space endowed with the Euclidean norm, then S X = x ∈ X : x = 1 denotes the unit sphere, B X = x ∈ X : x ≤ 1 , and ·, · denotes the Euclidean scalar product on X.
Further
By a cone C ⊂ R n we will always mean a nonempty, closed, convex and pointed cone with int C = ∅. For definitions, see e.g. [Ja, RW] . We denote the (positive) polar cone to C by C and define it as follows: C := ξ ∈ R n : ξ, y ≥ 0, y ∈ C . From now on we always put Γ C := C ∩ S R n . Under assumptions set out above, it is well known that: a) C is also nonempty, closed, convex and pointed cone with int C = ∅;
For a function f : R m → R n we define the lower and upper directional derivatives at x ∈ R m in the direction h ∈ R m with respect to ξ ∈ R n , respectively, by
and
Specially, if n = 1, by f (x; h) we mean the limit
and this convergence is uniform for h ∈ S R m , then f is said to be strictly differentiable at x.
Ò Ø ÓÒ 2.1º A function f : R m → R n is said to be -stable at x if there is a cone C ⊂ R n , a neighbourhood U of x and a constant K > 0 such that
It is not difficult to observe that each function f which is of C 1,1 -class near a point x is also -stable at x. The reverse implication is not true (see Example 3.1).
The class of the functions that are -stable at some point satisfies some properties of regularity.
Then f is strictly differentiable at x and consequently f is Lipschitz on a neighbourhood of x.
Using [BP2, Corollary 3] and Proposition 2.1, we can state the following result.
We would like to generalize the previous result for vector-valued functions. We will use the characterization of -stability by means of u-stability for scalarvalued functions.
We say that f :
Following [BP2, Corollary 1] and Proposition 2.1, we obtain the following proposition.
For the sake of completness we note that we can replace R m by an arbitrary linear normed space in Theorem 2.1 and Proposition 2.2 (see [BP2] ), but we have to add the assumption of continuity in this case.
Composition of -stable functions
At first, we will derive that the -stability of vector function is equivalent to -stability of all its components (Proposition 3.1). We will use the following sequence of lemmas.
Then an easy calculus shows that (−f ) must be u-stable at x. Hence by Proposition 2.2 (−f ) is also -stable at x. This means that there are K > 0 and a neighbourhood U of x such that
whenever y ∈ U, h ∈ S R m . Now if 0 ≤ α ≤ 1, then for every y ∈ U, h ∈ S R m we have by (3)
If −1 ≤ α ≤ 0, then we have again by (3)
for every y ∈ U, and for every h ∈ S R m .
By a similar manner, we can prove the following lemma.
Then there are K > 0 and a neighbourhood U of x such that
P r o o f. Due to Proposition 2.1 every function f i , i = 1, . . . , n, is strictly differentiable at x. Next, by lemmas 3.2 and 3.3 there are K > 0 and a neighbourhood U of x such that for every ξ = (ξ 1 , . . . , ξ n ) ∈ R n for which |ξ i | ≤ 1, i = 1, . . . , n, y ∈ U, h ∈ S R m , we have:
i = 1, . . . , n. From (4), (5) it follows that for every i = 1, . . . , n
Adding up inequalities in (6) for i = 1, . . . , n, we arrive at
Similarly, adding up inequalities in (7) for i = 1, . . . , n, we arrive at
This implies for every
. . , n, be -stable at x ∈ R m , and let
is -stable at x.
DUŠAN BEDNAŘÍK -KAREL PASTOR
P r o o f. We put
Since we can write
and it holds
Lemma 3.4 implies the existence of neighbourhood U and K > 0 such that we have
for every y ∈ U and for every h ∈ S R m . Therefore the function f is -stable at x.
Then f is -stable at x if and only if the function f i is -stable at x for every i ∈ {1, 2, . . . , n}. P r o o f. At first, we suppose that every component f i , i ∈ {1, 2, . . . , n}, is -stable at x. Let us consider an arbitrary ξ = (ξ 1 , ξ 2 , . . . , ξ n ) ∈ Γ and set
Then for every y ∈ R m , and for every h ∈ R m we have f (y; h)(ξ) = g ξ (y; h). ξ ∈ Γ implies that |ξ i | ≤ 1 for every i ∈ {1, 2, . . . , n}. Due to Lemma 3.4 there exist a constant K > 0 and a neighbourhood U satisfying
for every ξ = (ξ 1 , . . . , ξ n ) ∈ Γ, y ∈ U, and for every h ∈ S R m , but it means that f is -stable at x.
On the other hand, we suppose that f is -stable at x and take an arbitrary i ∈ {1, 2, . . . , n}. By Lemma 3.1 we can find a 
COMPOSITION OF -STABLE VECTOR FUNCTIONS
From the definition of -stability, for every ξ ∈ Γ it holds that the function y → ξ, f (y) is -stable at x. Using Lemma 3.5, we have that the function
Remark 3.1º Using Proposition 3.1 one can observe that a function which is -stable at x with respect to some cone must be also -stable at x with respect to another cone. Of course, the constant of -stability depends on the choice of a cone, but it seems that there exists a valid constant for all cone C [DP] .
P r o o f. It is easy to see that due to Proposition 3.1 we can assume without any loss of generality that p = 1. STEP 1. Using Proposition 2.1, we can find a neighbourhood U ofx and a neighbourhood V ofŷ such that
. . , f n ) is Lipschitz on U , and g is Lipschitz on V . Then the composition g • f is Lipschitz on U . Further, it follows from Proposition 2.1 that the composition g • f is differentiable atx and
STEP 2.
Let us consider x ∈ U , h ∈ R m and a sequence {τ n } such that τ n ↓ 0, and
Proposition 3.1 implies that the function f i is -stable atx for every i ∈ {1, 2, . . . , n}. Then, due to Proposition 2.1 and Proposition 2.2, we can suppose that the function f i is Lipschitz on the neighbourhood U ofx for every i ∈ {1, 2, . . . , n}, and that:
where the existence of the limit
τ n is garanted by the lipschitzianity of f i for every i ∈ {1, 2, . . . , n}. Further, we set
where
Further we have
for every h ∈ S R m . Without loss of generality we can also suppose the existence of the limit
By L g we denote the constant of lipschitzianity of g on V . Again without loss of generality we can suppose that for every n ∈ N it holds f (x) + τ n f τ n (x; h) + o(τ n ) ∈ V and f (x) + τ n f τ n (x; h) ∈ V.
